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Using an effective field theory we describe the low energy bosonic excitations in a three dimensional
ultra-cold mixture of spin-1 bosons and spin-1/2 fermions. We establish an interesting fermionic
excitation induced generic damping of the usual undamped long wavelength bosonic collective Gold-
stone modes. Two states with bosons forming either a ferromagnetic or polar superfluid are studied.
The linear dispersion of the bosonic Bogoliubov excitations is preserved with a renormalized sound
velocity. For the polar superfluid we find both gapless modes (density and spin) are damped, whereas
in the ferromagnetic superfluid we find the density (spin) mode is (not) damped. We find that this
holds for any mixture of bosons and fermions that are coupled through at least a density-density
interaction. In addition, we predict the existence of the Kohn anomaly in the bosonic excitation
spectrum of Bose-Fermi mixtures. We discuss the implications of our many-body interaction results
for experiments on Bose-Fermi mixtures.
PACS numbers: 67.85.De,67.85.Fg,67.85.Lm,67.85.Pq
The interplay of bosons and fermions is ubiquitous
throughout physics, ranging from the interaction of light
(i.e. photons) and matter (i.e. electrons) to the behav-
ior of a simple metal in the ionic lattice background.
In solid state physics the interaction of electrons with
slowly moving phonons provides the necessary attractive
electron-electron interaction to form Cooper pairs lead-
ing to superconductivity [1]. While on the other hand
the effect of the electron Fermi surface on bosons appears
naturally in phonon excitations in the form of the Kohn
anomaly [2]. Another well-know example of the solid
state manifestation of fermion-boson interaction is the
polaron formation in ionic insulators. In the description
of itinerant quantum phase transitions [3, 4] (relevant for
various strongly correlated materials [5–8]) the fermions
are always coupled to a bosonic collective mode reflect-
ing the ordering of the underlying Fermi gas. A coupled
fermion-boson interacting many-body system is thus a
fundamental paradigm in condensed matter physics lead-
ing to a large number of interesting phenomena.
Coupled fermion-boson systems have also become of
interest recently in ultra-cold atomic systems. In the
context of cold atoms, a variety of Bose-Fermi mixtures,
e.g., 6Li-7Li [9, 10], 40K-87Rb [11–17], 6Li-133Cs [18, 19],
6Li-174Yb [20], have been prepared in experiments for dif-
ferent purposes such as implementing sympathetic cool-
ing [9–11], studying molecule formation [14], engineer-
ing dipolar quantum simulators [15], exploring few-body
physics [17–19] or looking for interesting collective ex-
citations [20]. In a recent experiment [20] of particular
relevance to our theory to be presented in the current
work, laser spectroscopy was used to study the effect of
the fermions on the bosonic excitation spectra of 6Li-
174Yb atomic mixtures.
In the absence of fermions, the low energy excitations
in Bose-Einstein condensates are well described by Bo-
goliubov theory and it is well understood that the Bogoli-
ubov quasiparticles (BQs) are damped through higher or-
der interactions in the form of Beliaev [21–26] and Lan-
dau [27] damping. Due to destructive quantum inter-
ference Landau and Beliaev process are suppressed [28]
at low momentum and low energies, thus making the
long wavelength collective mode a well defined undamped
bosonic excitation; in fact, the long-wavelength damping
goes as q5 vanishing rapidly as q → 0. An important
question of fundamental interest, which has also become
relevant in view of recent experiments [20, 29], is, how-
ever, still open in spite of extensive theoretical activity,
namely, how the fermion-boson interaction (specifically
the existence of the Fermi surface) affects the bosonic
excitation spectrum in a Bose-Fermi cold atom mixture.
We address this important question in the current work
using field theoretic techniques, finding a generic fermion-
induced damping of the long wavelength bosonic collec-
tive modes.
We start with a microscopic Hamiltonian for a Bose-
Fermi mixture, and derive a low energy effective field the-
ory based on a controlled perturbative expansion, from
which the low energy bosonic excitations and damping
effects are obtained. A mixture of a spin-1 Bose gas and
a spin-1/2 Fermi gas is considered and spin SU(2) sym-
metry is assumed for both theoretical simplicity and rel-
evance to experimental systems in the absence of mag-
netic fields. We show quite generally that the linearly
dispersive BQs of a bosonic superfluid interacting with
fermions become damped due to Fermi surface effects,
with a damping rate
γ(q)/~ = D|q|, (1)
where D is dependent on the microscopic details of the
system. Moreover, at large momentum (q ≈ kF ) we show
that the Kohn anomaly appears as a kink in the BQ
exception spectrum. The linear momentum dependence
in Eq. (1) is drastically different from pure boson sys-
2tems [21–25, 27, 28] or Bose-Fermi mixtures with a Fermi
surface that is gapped out [29, 30]. On the other hand,
the functional form of BQ linear dispersion at low energy
vs|q| remains intact, with a renormalized sound velocity
vs. For spin wave excitations, we find damping in a polar
(P) ground state whereas for a ferromagnetic (FM) state
the spin waves are found to be undamped.
We begin with the model fermion-boson interacting
Hamiltonian, H =
∫
d3r (HB +HF +HBF ), with
HB = ~
2
2mB
∇Φ†a∇Φa +
U0
2
Φ†aΦ
†
a′Φa′Φa (2)
+
U2
2
Φ†aΦ
†
a′Tab ·Ta′b′Φb′Φb, (3)
HF = ~
2
2mF
∇c†σ∇cσ, (4)
HBF = UBFΦ†aΦac†σcσ + JΦ†aTabΦb · c†α
σαβ
2
cβ , (5)
where repeated indices are summed over, T denotes
a vector of spin-1 matrices, and σ denotes a vector
of Pauli matrices. The operator Φa destroys a boson
in the mz = a state and cσ destroys a fermion with
spin σ. The interactions U0 and U2 are related to the
scattering lengths of each hyperfine state of the bosons
through U0 = (g
B
0 + 2g
B
2 )/3 and U2 = (g
B
2 − gB0 )/3,
with gf = 4π~
2af/mB for a scattering length af in hy-
perfine state f [31]. Whereas the Bose-Fermi interac-
tions UBF and J are given by UBF = (g
BF
1/2 + 2g
BF
3/2 )/3
and J = 2(gBF3/2 − gBF1/2 )/3, with gBFFtot = 2π~2aFtot/mBF
as the s-wave scattering length with total spin Ftot and
mBF the reduced mass [32]. We focus on a repulsive
density-density Bose-Fermi interaction UBF > 0 and fer-
romagnetic spin-spin interaction J < 0. We assume the
fermions to be non-interacting, which is valid for bare re-
pulsive interactions because they are strongly irrelevant
in the low energy limit [33, 34].
In the absence of the Fermi gas, the spin-1 Bose gas
can become [31, 35] either a FM superfluid for U2 < 0
or a P superfluid for U2 > 0, and we consider both situ-
ations theoretically. In the FM phase, the ground state
breaks both the U(1) and SU(2) symmetry of the Hamil-
tonian and as a result hosts two distinct types of Gold-
stone modes corresponding to gapless density excitations
which are of the BQ form that go as |q| and of the fer-
romagnetic spin wave form that go as q2. The P super-
fluid also breaks the U(1) and SU(2) symmetry and also
hosts two distinct sets of gapless density and spin wave
excitations, however in this case they both take on the
linear-in-q BQ form.
We are interested in the low energy theory of the sys-
tem and derive the corresponding effective action for the
gas within a path integral framework [36]. The model
Hamiltonian corresponds to an action in the grand canon-
ical ensemble S =
∫
dτ
(
H(τ)+
∫
d3r
[
Φ†a∂τΦa+c
†
σ∂τ cσ−
µBΦ
†
aΦa − µF c†σcσ
])
= SB + SF + SBF . We have in-
(a) (b)α α
β
FIG. 1: Diagram (a) is referred to as the “tadpole” and (b)
is the spin dependent particle-hole “bubble”. A solid line de-
notes a fermion Green function with spin α, a solid rectangle
denotes the Bose-Fermi interaction (UBF or J), and the wavy
line denotes the bosonic field φa in one of the mz = 1, 0,−1
states.
troduced the Bose gas action SB , the Fermi gas action
SF , and their mutual interaction SBF . To derive the
low energy effective action of the bosonic superfluid we
first expand the Bose operators about the mean field
ground state ΦT = ΦTMF +(φ1, φ0, φ−1), which together
with the mean field value of µB gives rise to an effec-
tive action for the φ degrees of freedom SB,eff [φ] (see
the Supplemental Material). As the Fermi gas is non-
interacting we integrate them out and determine the ef-
fective action of the fluctuations φ (ignoring any con-
stants) S˜[φ] = SB,eff [φ] − Tr log(1 − Vˆ (φ)Gˆ0). The trace
is over spin, space, and imaginary time indices and we
have defined the two by two matrices Vˆ (φ) and the Green
function of the fermions Gˆ0, which depend on the super-
fluid state. As Vˆ (φ) is composed entirely of fluctuations
of the Bose gas we can expand the logarithm to obtain
the low energy effective action to quadratic order
Seff [φ] = SB,eff [φ] + Tr(Vˆ (φ)Gˆ0) +
1
2
Tr
(
(Vˆ (φ)Gˆ0)
2
)
.
(6)
The first term after SB,eff corresponds to the tadpole di-
agram and the second to the spinful particle-hole bubble
in Figs. 1 (a) and (b) respectively.
Ferromagnetic Ground State: Focusing on the ferro-
magnetic case U2 < 0 (〈Φ†MFTΦMF 〉 = ρ0zˆ, where ρ0 is
the boson density), the mean field expectation value of
the Bose operators can be written as a three component
spinor, ΦTMF = (
√
ρ0, 0, 0). The chemical potential of
the bosons at the mean field level is µFMB = g
B
2 ρ0+JMz+
UBFnF , where Mz = (〈n↑〉− 〈n↓〉)/2 and nF =
∑
σ〈nσ〉,
with nσ = c
†
σcσ. Expanding the Bose operators about
their mean field ground state results in the fermions see-
ing an effective magnetic field ρ0J in the zˆ direction and
it breaks the up-down spin symmetry of the Fermi gas.
This gives rise to the non-interacting Green function,
Gˆ−10σσ′ = −δσ,σ′(∂τ −~2/(2mF )∇2− µ˜F +Jρ0σ/2), where
σ = ±1 for ↑ and ↓, and we have shifted the fermionic
chemical potential µ˜F = µF − ρ0UBF . The matrix VˆFM
is given by
VˆFM (φ) =
(
J(
√
ρ0/2φ
†
0 +
1
2
S−φ )σ+ + h.c
)
(7)
+ UBF (
√
ρ0[φ
†
1 + φ1] + nφ)1+
J
2
(
√
ρ0[φ
†
1 + φ1] + S
z
φ)σz ,
where 1 denotes the identity matrix, σi are the Pauli
3matrices, σ± = (σx ± iσy)/2, and we have introduced
nφ =
∑
a φ
†
aφa and S
α
φ = φ
†
aT
α
abφb.
Evaluating the trace for the particle-hole bubble leads
to χ0αβ(q) =
∫
dkG0α(k + q)G0β(k), we are using the
shorthand notation q ≡ (iνn,q) [k ≡ (iωn,k)] for bosonic
[fermionic] Matsubara frequency, and the integral
∫
dq ≡∫
dq3
(2pi)3
1
β
∑
n. The Green function in momentum space
is G0σ(k, iωn)
−1 = iωn − ǫkσ + µ˜F , with a spin de-
pendent dispersion ǫkσ = ~
2k2/(2mF ) + Jρ0σ/2. For
the spin diagonal case α = β this reduces to the well
known Lindhard function [37], which at sufficiently low
temperature in the low energy limit, |q|/kFσ ≪ 1 and
νn/(~vFσ|q|) ≪ 1 (where vFσ is the Fermi velocity of
the spin σ electrons), becomes
χ0σσ(q, iνn) = −ησ
(
1− π
2
|νn|
~vFσ|q| −
1
3
( |q|
2kFσ
)2)
(8)
and we have defined the density of states for spin σ,
ησ = mF kFσ/(2π
2
~
2). We stress the approximation
νn/(~vFσ|q|) ≪ 1 is consistent while considering Bose-
Fermi mixtures with vs,0 ≪ vFσ where vs,0 is the sound
velocity of the BQ excitations in the absence of the Fermi
gas. Physically, this ensures that the BQs excite a suf-
ficient amount of particle-hole pairs, by passing through
their excitation continuum as shown in Fig. 2 (d). For
the case σ 6= σ′, in the low frequency, low momen-
tum limit we can always treat ~2|q|2/(2mF ) ≪ |J |ρ0,
~vFσ|q| ≪ |J |ρ0, and |νn| ≪ |J |ρ0. Within this approxi-
mation we find
χ0σσ¯(q, iνn) =
1
ρ0J
(〈nσ¯〉 − 〈nσ〉)
(
σ¯ − iνn
ρ0J
)
(9)
+
[
~
2nF
2mF
+
σ¯
5ρ0J
(
(~vFσ¯)
2〈nσ¯〉 − (~vFσ)2〈nσ〉
) ] |q|2
(ρ0J)2
.
With all of these results in hand we can now de-
termine the effective action to quadratic order. Writ-
ing the action in separate parts we have SFMeff [φ] =∫
dq
(Lφ1 + Lφ0 + Lφ−1) , where
Lφ1 = φ†1(q)
(−iνn + b0q2)φ1(q) (10)
+ (∆FM1 +AFM1
|νn|
|q| + B
FM
1 |q|2)
1
2
∣∣∣φ†1(q) + φ1(−q)∣∣∣2 ,
Lφ0 = (−AFM0 iνn + BFM0 |q|2)φ†0(q)φ0(q), and Lφ−1 =(M− iνn + b0|q|2)φ†−1(q)φ−1(q), where b0 = ~2/2mB.
In order to simplify the presentation we have introduced
the constants ∆FM1 ,AFM1 ,BFM1 ,AFM0 , and BFM0 , whose
functional form is not particularly relevant for the present
discussion and are explicitly given in the Supplemen-
tal Material. Now that we have the Green function for
each spin state from the effective action, we can deter-
mine the excitation of each mode from the poles [36].
A few remarks are in order: The φ−1 mode is gapped
with a value M = 2(ρ0|U2| +Mz|J |). In contrast, the
spin wave excitations that correspond to φ0, are given by
ωFMsw = ~
2q2/(2m∗s) where the coefficient is altered from
~
2/(2mB), and the spin excitations acquire a renormal-
ized effective mass ~2/(2m∗s) = BFM0 /AFM0 , which is not
a function of UBF . Therefore, the renormalization of M
and m∗s is due entirely to the paramagnon excitations
of the Fermi gas through the coupling J . The density
modes (φ1+φ
†
1) acquire damping through the additional
contribution of |νn|/|q| which arises due to the particle-
hole excitations of the Fermi gas (see Eq. (14) below). It
is useful to note that the constants AFM1 and BFM1 are
both quadratic functions of UBF and J .
Polar Ground State: We now discuss the polar ground
state of the bosons when U2 > 0, (〈Φ†MFTΦMF 〉 = 0),
with a mean field expectation ΦTMF = (0,
√
ρ0, 0). Now,
the up down spin symmetry of the Fermi gas remains
intact. The chemical potential for the bosons takes
the form µPB = U0ρ0 + UBFnF . The non-interacting
Green function is now spin independent, which becomes
Gˆ−10σσ′ = −δσ,σ′(∂τ − ~2/(2mB)∇2− µ˜F ). The matrix VˆP
is defined as
VˆP (φ) = UBF (
√
ρ0[φ
†
0 + φ0] + nφ)1+ JS
z
φσz/2
+
(
J(
√
ρ0/2[φ
†
−1 + φ1] +
1
2
S−φ )σ+ + h.c.
)
. (11)
At this point it is useful to compare this with the FM
case. From the effective bosonic action SB,eff [φ] in the P
case we know that the density mode is related to δn(q)† =
(φ†0(q), φ0(−q)) while the spin excitations are given by
δS(q)† = (φ†1(q), φ−1(−q)). As a result, it is quite natural
that the density excitations only couple through UBF and
the spin excitations through J . This is quite different
from the case of the FM superfluid where the BQs are a
combination of density and spin along the z direction.
Following the same steps as before, we compute the
trace in Eq. (6), only now the equal spin particle-hole
bubble in Eq. (8) comes into play Due to the spin sym-
metry the Fermi gas parameters are now σ independent.
The effective action to quadratic order for the polar case
is given by, SPeff [φ] =
∫
dq
(
1
2Lδn + LδS
)
, where Lδn =
δn(q)†Gδn(q)
−1δn(q) and LδS = δS(q)†GδS(q)−1δS(q).
The bosonic Green functions can be written in terms
of the free bosonic Green function and the self energy
using Dyson’s equation Ga(iνn,q)
−1 = G0a(iνn,q)
−1 −
Σa(iνn,q), which are two by two matricesG
0
a(iνn,q)
−1 =
−iνnσz + b0q21 and
Σa(iνn,q) = −
(
∆Pa +APa
|νn|
|q| + B
P
a |q|2
)
(1+ σx) .(12)
We give the explicit forms of ∆Pa ,APa , and BPa in the
Supplemental Material. In this case, the δn constants
are quadratic functions of UBF and do not depend on
J while the δS constants are quadratic functions of J
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FIG. 2: Energy spectrum and damping rate of collective
modes from solving Eq. (13) for various bosonic densities ρ0.
In this plot the exact Lindhard function [37] is included fo-
cusing on the density mode (δn) for the P case with 23Na for
the bosons, the Fermi gas it taken to be 6Li with a density
of nF = 10
13cm−3, and focusing on UBF = U0, and J = U2.
(a) The dispersion Eδn(q), (b) the damping rate γδn(q), (c)
the difference in dispersions with and without the Fermi gas
δEδn(q) ≡ Eδn,0(q) − Eδn(q), displaying the Kohn anomaly
near q/kF ∼ 1.5, and (d) the Bose gas dispersion in the ab-
sence of the Fermi gas Eδn,0(q) =
√
v2s,δn,0q
2 + b2
0
q4, all as a
function of q/kF . In (d) the black solid lines bound the re-
gion of the particle-hole excitation continuum and the black
dashed line marks where the imaginary part of the Lindhard
function changes its form.
and are independent of UBF . Interestingly, in the polar
case we find both BQ modes to be damped through the
appearance of |νn|/|q|. We remark that the density mode
for the FM case in Eq. (10) can also be converted to the
above form.
BQ Excitation Spectrum and Damping: We have de-
rived the effective field theory for both the ferromagnetic
and polar bosonic ground states interacting with a spin-
1/2 Fermi gas. To diagonalize the effective action using
the Bogoliubov transformation we find uk and vk have
to be functions of νn. To determine the dispersion and
damping rate we find the poles of the bosonic Green func-
tion Ga (with a = φ1, δn, δS) [36], after analytically
continuing the Matsubara frequency to real frequency
iνn → ω + i0+, we solve the algebraic equation
detGa(ω,q)
−1 = 0, (13)
to find the poles at ~ω = E(q)−iγ(q), where γ(q)/~ ≥ 0
is the damping rate. We obtain two of our main results
γa(q) = b0Aa|q|, Ea(q) =
√
v2s,aq
2 + b2aq
4, (14)
(see Fig. 2) and we find the Bogoliubov form remains with
the renormalized parameters v2s,a = b0(2∆a− b0A2a), and
b2a = b0 (b0 + 2Ba) . The low energy theory can also be
extended to finite temperature, which yields γa(q, T ) ∝
[1+ tanh(µ˜F /kBT )]|q| and the linear momentum depen-
dence survives. Solving Eq. (13) using the exact Lind-
hard function [37] gives results indistinguishable from the
analytical results as shown in Fig. 2 (b) up to q ∼ O(kF ).
Thus, all BQ modes present in a spin-1 Bose gases cou-
pled to a Fermi gas become damped at low energies and
are thus no longer true collective modes even at long
wavelengths!
Several comments about our main results shown in Eq.
(14) and Fig. 2 are in order: (i) Our results are valid to
all orders in the Bose-Fermi coupling provided vs,0 ≪ vF
since all higher-order vertex corrections in the self-energy
are negligible by virtue of Migdal’s theorem [38]. (ii)
The fermion-induced bosonic damping being linear in q
strongly dominates any intrinsic bosonic Beliaev damp-
ing at long wavelength [24]. (iii) Eq. (14) implies that
the bosonic collective mode frequency vanishes without
becoming overdamped if the damping becomes compara-
ble or larger than the mode energy itself since both the
frequency and the damping go linear in wave number.
(iv) At large wave numbers, q > kF , γa(q) → 0 because
the imaginary part of the Lindhard function [37] itself
vanishes by energy-momentum conservation and the BQs
can no longer excite particle-hole pairs [see Fig. 2 (d)]
(v) The spinor structure of the problem is not essential
to find this Fermi gas induced damping, therefore our re-
sults are valid for any condensed spin-S Bose gas coupled
to a Fermi gas (either spinful or spinless) through at least
a density-density interaction UBF nˆBnˆF .
The Fermi surface has effectively been imprinted upon
the excitation spectrum of the Bose gas in the form of
the Kohn anomaly. As this is a large momentum effect,
it is not captured by our low energy theory but comes
directly out of the numerical solution using the exact
Lindhard function. However, this effect is weak for the
atomic mixtures we are considering and is not visible in
Ea(q) itself, only the difference δEa(q) = E0(q)−Ea(q),
displays the anomaly as seen in Figs. 2 (a) and (c).
Our theoretical predictions can be tested in ultra cold
Bose-Fermi mixtures with weakly interacting fermions,
through two-photon Bragg spectroscopy [28] that cou-
ples to the bosonic species. We expect the damping will
give rise to a broadened Bragg line, i.e. an intrinsic line
width, in the presence of fermions that will depend ex-
plicitly on energy-momentum as shown in Eq. (14). Due
to the bosonic damping persisting to sufficiently low mo-
mentum, we also expect that the presence of the Fermi
gas can dephase the bosonic superfluid, which has possi-
bly already been observed in Ref. 16.
In the presence of a shallow harmonic trap as in most
atomic experiments, we expect our results to be largely
unaffected for large clouds of atoms. Even though the
finite size of the trap gives an infrared cut off to the
theory, this energy scale is sufficiently small such that
linear-in-q BQ dispersion can still be observed in exper-
iments [39]. In this limit, the physics is well described
5by the Thomas-Fermi and local density approximations,
where the BQs will still be linear-in-q at low momentum
(with a renormalized sound velocity) [31, 39, 40] and the
Fermi gas will acquire a spatially dependent Fermi ve-
locity. In spite of this, close to the center of the trap,
the form of particle-hole excitations will remain the same
with a renormalized vF . However, we would like to men-
tion that these inhomogenous effects can in principle be
removed by considering a uniform potential trap, which
has recently been achieved, where the spatial inhomo-
geneity is minimized [41].
We have studied a spin-1 Bose gas coupled to a spin-
1/2 Fermi gas in three dimensions. We have shown
BQ excitations are damped at long wavelength as a re-
sult of particle-hole excitations of the Fermi gas while
the functional form of the BQ dispersion is unchanged.
We have argued this phenomenon should apply to Bose-
Fermi mixtures in general independent of the spin struc-
ture of either species.
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6Supplemental Material
In the supplemental material we give the explicit expressions for SB,eff and the equations defining the constants
that we have introduced in the main text in terms of the parameters of the model. For the ferromagnetic case, the
effective bosonic action including the bosonic chemical potential is
SFMB,eff [φ] =
∫
dτd3r
(∑
a
φ†a∂τφa +
~
2
2mB
∑
a
∇φ†a∇φa + gB2 ρ0
1
2
(φ†1 + φ1)(φ
†
1 + φ1) + 2ρ0|U2|φ†−1φ−1
)
−
∫
dτd3r
(
(JMz + UBFnF )
[
√
ρ0(φ
†
1 + φ1) +
∑
a
φ†aφa
])
, (S1)
whereas for the polar case, the effective bosonic action takes the form
SPB,eff [φ] =
∫
dτd3r
(∑
a
φ†a∂τφa +
~
2
2mB
∑
a
∇φ†a∇φa +
U0ρ0
2
(φ†0 + φ0)(φ
†
0 + φ0) + U2ρ0(φ
†
1 + φ−1)(φ
†
−1 + φ1)
)
−
∫
dτd3rUBFnF
(
√
ρ0(φ
†
0 + φ0) +
∑
a
φ†aφa
)
. (S2)
To simplify the presentation of the main text we have defined the following constants for the ferromagnetic case
∆FM1 = ρ0g
B
2 − ρ0
(
U2BF +
1
4
J2
)∑
σ
ησ − ρ0UBFJ
∑
σ
σησ , (S3)
AFM1 = ρ0
(
U2BF +
1
4
J2
)
π
2
∑
σ
ησ
~vFσ
+ ρ0UBFJ
π
2
∑
σ
σ
ησ
~vFσ
, (S4)
BFM1 = ρ0
(
U2BF +
1
4
J2
)
1
12
∑
σ
ησ
k2Fσ
+ ρ0UBFJ
1
12
∑
σ
σ
ησ
k2Fσ
, (S5)
AFM0 = 1 +
Mz
ρ0
, (S6)
BFM0 =
~
2
2mB
+
nF
ρ0
~
2
2mF
+
1
10ρ20J
∑
σ
σ(~vFσ)
2nσ. (S7)
For the polar case we have introduced the constants
∆PδS = ρ0U2 −
1
2
ρ0ηJ
2, (S8)
APδS =
πρ0ηJ
2
4~vF
, (S9)
BPδS =
ρ0ηJ
2
24k2F
, (S10)
∆Pδn = ρ0U0 − 2ρ0ηU2BF , (S11)
APδn =
πρ0ηU
2
BF
~vF
, (S12)
BPδn =
ρ0ηU
2
BF
6k2F
. (S13)
